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Midterm
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e Grading Note #1: To understand your grade, compare it to the grade distribution below.
Roughly speaking, 60-79 is A/B range, 40-59 is B/C range.

e Grading Note #2: In grading, I tried to be generous about giving credit for partial work. I
also did not end up requiring Turing Machines descriptions when showing decidability (even
though the exam instructions asked for such descriptions).

e Grading Note #3: Please check that the grades on each individual problem are correctly
reflected on your exam’s title page and that the final grade on the title page is the correct sum
of the individual problem grades.
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Problem 1. Material Review [25 points] (5 parts)

The following questions can each be answered with a short response. These are intended to test
that you reviewed the material covered in class, and should not require much new thinking.

(a) Name five operations that regular languages are closed under.
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(b) When proving that every regular language is described by a regular expression, we
introduced the GNFA computational model, which is an NFA where the edges are
labeled with regular expressions. When defining the state removal procedure required
by this proof, we assumed that the GNFA was in a special form. What is this special
form?
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(¢) Sketch a brief argument for why any regular language can be recognized by a GNFA
of this special form.
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(d) The following three statements are true: (1) every regular language is context-free;
(2) every context-free language is decidable; and (3) every context-free language is
recognizable. Choose any two of these statements and argue why they are true.
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(e) When learning the Recursion Theorem we first defined a TM called SELF that output
(SELF) (e.g., its own description). We defined this machine as the combination of
two machines A and B (e.g., we said SELF = AB). Describe both A and B.
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Problem 2. Deterministic Finite Automata [10 points]

Formally define the 5-tuple for a DFA that recognizes the following language: {0F | k is a multiple
of n}. In your answer, assume that © = {0, 1}.
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Problem 3. Pumping Lemma [20 points] (3 parts)

Use only the pumping lemma to prove that the following languages are not regular. The three parts
are presented in increasing order of difficulty (and point value).
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Problem 4. Problem Set Review [15 points]

Answer the following problem which appeared in problem set #2:

Let A = {(R,S) | R and S are regular expressions and L(R) C L(S)}. Prove A is

decidable.
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Problem 5. Undecidability [10 points]

Imagine that your boss at Microsoft is worried about algorithms that accidentally erase data, and
asks you to solve the problem of determining whether a Turing Machine ever overwrites a non-
blank symbol with a blank symbol during the course of its computation on any input string. For-
mulate this problem as a language and prove it undecidable.
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Problem 6. Mapping Reducibility [20 points]
Prove the following for every language A:

A is decidable & A <, 0°1".
(Note: X < Y indicates “X if and only if Y ”; that is, X implies Y and Y implies X .)
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Problem 1. Material Review [25 points] (5 parts)

The following questions can each be answered with a short response.

(a) Let t(n) be a function, where t(n) > n. We learned in class that every ¢(n) time
deterministic multitape Turing machine has an equivalent O(g(n)) time deterministic
single-tape Turing machine, and every ¢(n) time nondeterministic Turing machine has
an equivalent O(h(n)) time deterministic single-tape Turing machine.

Provide the smallest g(n) and h(n) for which we know the above to be true. For each,

provide a one sentence justification for your answer.
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(b) This question concerns the window used in the proof of the Cook-Levin Theorem.
For each of the following four window sizes, provide a brief argument for why the
theorem would or would not work if modified to use windows of this size (in the
following, “a x b” means a window with ¢ rows and b columns):
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(c) Based on what we learned in class about the relationship between computational com-
plexity classes, replace each __ symbol below with either C, C, or =.

LENL=ZcNLSEPSNPSPSPACE =NPSPACE ZEXPTIME
Vs Jo L~ (e il

(d) In our discussion of log space, we encountered the following Theorem: If A <; B
and B € L, then A € L. What is wrong with the following flawed proof argument for
this theorem:

To show A € L, we create a new machine C' that first runs the log-space
reduction implied by <, and then runs B on the resulting output.
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(e) Use the Space Hierarchy Theorem (and/or any of its corollaries) to prove that NL C
PEPACE.
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Problem 2. Problem Set Review[10 points] (1 part)

Let miz(X), for set X of symbols, be the set consisting of every string made up of symbols from
X, such that no symbol appears more than once in the string. Fix some CFG G = (V, %, R, S5).
Prove that the language Ac = {X | X C Z,Vw € miz(X) : w € L(G)} isin P.

. 3 . [_ 1] ,:__ - &
The Solution (s T6 noTe Hhat P\G_ \S o\@?x‘ned ‘o

o {ixed ‘é‘“ﬂ'rw rmac G . Since the anounT ol
leg,mov(é T oo W s ‘l,\..f;\(mivka . all we need o
C

. A s Xl le ©
Ao \ € cCons \ < L\_C)S‘\' G %{o_v\ 1 \OOE( Le ML ie

whether  miy ( XX 1S S T G Qo(‘ all " and "F"( = Fss L\“’?} i
_ 1 Nag. @,(Q\,c&:vt_c\:h\ O

e NEFE e e ()59‘5‘-%?‘* Slnce MiX (KB 15 o8 convessiey
d Linide Lo all XES  Thew we simply Ccan ,Og G‘ — CNE
I ; c : - —H’\.e_‘\”‘ﬁ?_blj v ‘\—\_l V\'Z]
r‘\\/l’? E”{"(\me‘ and CoON Cirna / ﬁhi u\)\/\\cb\. 3\-0\\)(@2 'H/\CL Cize £

d 3 T
O(“) Linne  sla Yoy e en Jrru7 - X s Ycue 21%]) -\ steyps.

« nfj
£ Thig q(aord’hwx tunyg

-
l

oM our lookup +tabl

o O(n ) 41 MV/L&

[ 45
¢ Heve Core ¢ ¥,

~

“This \ookup table can e conclructed (fsrma T_iffj
\O \/& \/\Qy [N @ 2 'ILO re C\H cCowW ‘i': N a;"l“ C onsS 47‘? 2 o
i“(\a__\jrlr,\ﬂ trancitHen o e negl comDwn &k ton

" C = - > . p £
O LI (\Q\((j_p ? i X‘ % ‘Z B tabels cage (Q&QCL i nmecol igte | ‘_‘\
! d

aund L X . \ .
Set  all  correct combivietions e accep

ak O .
e e\"_Ol @lr—\ J’Luﬁ 1WA PUJF



COSC 545 Final: Solution Notes Name

Problem 3. P vs. NP [15 points] (2 parts)

Let SPATH = {(G, a,b, k) | undirected graph G contains a simple path of length at most
atob}.

(a) Theoreticians generally assume that SPAT H is not NP-complete. Provide an argu-
ment for this assumption.
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(b) At the same time, theoreticians also assume that it would be very hard to formally
prove that SPAT H is not NP-complete. Provide an argument for this assumption.
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Problem 4. NP-Completeness [20 points] (1 parts)
Let MAXIS = {(G, k) | the maximum independent set in undirected graph G is of size at least k}.
Prove that MAXIS is NP-complete.

(Recall: a set of graph vertexes is independent if none are neighbors in the graph; the maximum
independent set of a graph is the largest such independent set for that graph.)

(Hint: In your proof, reduce from CLIQUE, not 3SAT.)
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Problem 5. PSPACE [20 points] (1 part)

Let Azpa = {(M,w) | M is a linear bounded automaton that accepts w}. Prove that A;p, is
PSPACE-complete.

(Recall: A linear bounded automaton is a deterministic single tape Turing Machine where the
tape head cannot advance beyond the portion of the tape containing the input. Because the tape
alphabet can only be a constant times larger than the input alphabet, such machines are limited to
using memory linear in the input size—hence the name.)

(Hint: The PSPACE solution to TQBF that we briefly reviewed in class requires O(n) space.)
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Problem 6. EXTRA CREDIT: Relativization [10 points] (2 parts)
In class, we proved the following two statements:
1.An oracle A exists whereby P* £ NP4,
2.An oracle B exists whereby P8 = NP5,

(a) What is the significance of statement 1 for the P vs. NP question?
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(b) What is the significance of statement 2 for the P vs. NP question?
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